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We give an independent derivation of the Engle-Pereira-Rovelli spinfoam model for quantum gravity
which recently appeared in [arXiv:0705.2388]. Using the coherent state techniques introduced earlier
in [arXiv:0705.0674], we show that the EPR model realizes a consistent imposition of the simplicity
constraints implementing general relativity from a topological BF theory.
In the recent years, spinfoam models have developed
as a promising approach to quantum gravity providing us
with a regularized path integral formalism. They are for-
mulated as state sums which define transition amplitudes
for almost-topological quantum field theories. Now, gen-
eral relativity (GR) in its first order formalism can be
recasted as a constrained BF theory with the following
action:
SGR[B,ω, λ] =
∫
M
BIJ ∧ FIJ [ω] + λα Cα[B]. (1)
Notation is as follows. M is the space-time manifold, I, J
are Lorentz indices running from 0 to 3, ω is a so(3, 1)-
valued 1-form and F is its strength tensor, B is a so(3, 1)-
valued 2-form, and α a set of labels. Sums over repeated
indices are implicit. The first term
∫
BF taken on its own
defines a topological field theory with no-local degrees of
freedom and no geometrical interpretation. It admits a
straightforward exact spinfoam quantization. The second
term consists of quadratic constraints Cα[B] enforced by
the Lagrange multipliers λα. It reduces the number of
independent components of the B-field so to express it
in term of 1-forms eI as (with a caveat discussed below
in the last section) BIJ = ǫIJKL(eK ∧ eL). Through
these constraints, the theory is shown to be equivalent to
GR with e and ω interpreted as the tetrad field and the
Lorentz connection.
These C[B] constraints are called the simplicity con-
straints for the bivector field B and the key issue of the
spinfoam program is to implement them consistently at
the quantum level in the regularized path integral. The
most studied spinfoam model up to now is the Barrett-
Crane model [1, 2]. It is actually the only model which
has been developed enough to allow for practical calcula-
tions and numerical simulations. Despite these advances,
this model has been greatly criticized from many per-
spectives and it is widely believed that it has to be sub-
stantially modified to yield a proper spinfoam theory for
quantum gravity, e.g. [3, 4, 5, 6, 7, 8, 9, 10]. The most
recent and most convincing criticism is that the Barrett-
Crane formula does not lead to the right spin-2 tensorial
structure for the graviton propagator in the semi-classical
limit [6, 10]. This issue is traced back to the Hilbert space
of boundary states being too poor to allow such a tenso-
rial structure for the correlation functions [6, 7].
There have been a few proposals for new models at-
tempting to cure this problem [5, 7, 8, 9]. In the present
paper, we realize the program proposed in [7] and show
that it leads to the same model recently derived by dif-
ferent means in [8, 11]. The issue with the Barrett-Crane
model is the following. The constraints do not commute
with each other, i.e. [Cˆα, Cˆβ] 6= 0, reflecting their corre-
spondence to second class constraints in a canonical anal-
ysis [9, 12, 13]. Nevertheless, the Barrett-Crane model
implements the constraints strongly at the quantum level
and identifies boundary states as satisfying Cˆα |ψ〉 = 0 for
all labels α. This is not the procedure that one ordinary
follows for non-commuting constraints, and it leads to an
over-constrained Hilbert space, with not enough degrees
of freedom to describe a 3-geometry. It is more natural
to impose them in a weaker way, using for instance co-
herent states. This is similar to identifying single particle
quantum states satisfying x = p = 0: there is no state
exactly solving xˆ |ψ〉 = pˆ |ψ〉 = 0 and we instead use co-
herent states satisfying these conditions in expectation
values with minimal uncertainty. This leads to a larger
Hilbert space which will hopefully have a better-behaved
semiclassical sector.
We will first review the structure of the discretized
C[B] constraints in the spinfoam framework and show
how they truly implement the second class constraints
derived in the canonical analysis. We then show how to
impose them weakly at the quantum level and derive the
new Hilbert space of boundary states. We finally explain
how to implement this idea using the coherent intertwiner
states introduced in [7]. This leads to a new proposal for
a spinfoam model of quantum gravity.
We point out that we work in 4d Riemannian grav-
ity with spacetime signature (+ +++) and gauge group
SO(4). Even though some of the key ideas will extend
directly to Lorentzian signature and the non-compact
group SO(3, 1), we postpone a detailed discussion of this
case for later work.
THE SIMPLICITY CONSTRAINTS
Our starting point is a discretization of (1) on a sim-
plicial manifold representing spacetime. This is made
of 4-simplices glued along common tetrahedra. Each 4-
2simplex has five tetrahedra and ten triangles. The fields
B and ω are then discretized and quantized, e.g. [14, 17].
We will focus on the B field since our purpose is to show
how to deal with the constraints C[B]. At the quantum
level, a representation of SO(4) is associated to each tri-
angle ∆ and the variables BIJ∆ are represented as the
so(4)-generator JIJ in that representation. Then gauge
invariance allows us to associate a quantum state to each
tetrahedron, given by the intertwiner between the four
representations attached to its four boundary triangles,
i.e a SO(4)-invariant state in the tensor product of these
four representations. Notice that in this procedure a
tetrahedron state is uniquely defined by the tetrahedron
irrespective to the 4-simplex to which it belongs. Finally,
a quantum 4-simplex consists in the ten representations
labeling its triangles and the five quantum states associ-
ated to its tetrahedra. Tensoring these tetrahedron states
and tracing out over the representations, we get a scalar
amplitude for each 4-simplex. The spinfoam amplitude
is defined as the product of these 4-simplex amplitudes.
The topological BF theory is obtained by allowing all
irreducible (unitary) representations for triangles and all
intertwiner states for tetrahedra. A constrained BF the-
ory such as gravity restrains both the representations and
the intertwiner spaces. For instance, the Barrett-Crane
model uses the simple representations of Spin(4) and the
unique Barrett-Crane intertwiner. So there are no de-
grees of freedom in the intertwiner space. Here we will
relax the way of imposing the simplicity constraints in
order to enlarge the intertwiner space.
The C[B] constraints usually read for all space-time
indices (greek letters):
ǫIJKLB
IJ
µνB
KL
ρσ = ǫµνρσ
b
4!
, (2)
with b = ǫIJKLǫµνρσB
µν
IJB
ρσ
KL. They ensure that B
comes from a tetrad field e [15]. At the canonical level,
(2) translates into second class constraints: a set of pri-
mary constraints ensuring that the relation between B
and e holds on the canonical hypersurface, plus a set
of secondary constraints ensuring that it also holds un-
der time evolution. Both sets of constraints are essen-
tial to compute the Dirac bracket on the phase space
[16]. A criticism of the spinfoam quantization is that it
seems to take into account only the primary constraints
[9, 12, 13, 16]. We address this issue below, and iden-
tify the secondary constraints. Notice also that in the
Lorentzian case the secondary constraints correspond to
the reality constraints of self-dual loop gravity, so it
would be enlightening to understand how spinfoams deal
with them.
Since the building elements of
A B
C
D
E
spinfoams are the 4-simplices, we
now look in details at the sim-
plicity constraints within each 4-
simplex. We call A,B,C,D,E the
five tetrahedra of the 4-simplex. The adjacient pic-
ture shows the dual 4-simplex. Each of the ten trian-
gles is labeled by a pair of tetrahedra sharing it, e.g.
(AB). Consider the discrete variables BIJ∆ ≡ B
IJ
AB
within the 4-simplex. First, they are constrained to
satisfy a closure condition for each tetrahedron, namely
BAB + BAC + BAD + BAE = 0 for the tetrahedron A,
and so on. This is the discrete equivalent of the Gauss
law ensuring the SO(4) gauge invariance. Then the con-
straints C[B] impose further conditions on these B vari-
ables. These equations are labeled by couples of triangles
(∆,∆′) and we distinguish three different cases [15, 17]:
• C(1): when ∆ = ∆′, the associated bivector B∆
must be simple, ǫIJKLB
IJ
∆ B
KL
∆ = 0.
• C(2): when ∆ and ∆′ belong to the same tetra-
hedron, i.e. when they share a common edge, we
also have ǫB∆B∆′ = 0. This means that the sum
B∆+B∆′ of the two bivectors is once again simple.
• C(3): when ∆ and ∆′ only share a common vertex,
they don’t belong to the same tetrahedron. The
constraints impose that the quantity ǫB∆B∆′ is, up
to a sign, independent of the choice of such couple
of triangles. It is actually equal to the 4-volume of
the 4-simplex (up to a factor 16/25) and the sign
relates to the relative orientation of the triangles.
The case C(1) is straightforward to deal with. The two
remaining cases are the problematic ones. We naturally
would like to interpret C(2) as the primary constraints
and C(3) as the secondary constraints. Assuming that
C(2) holds on the initial hypersurface (e.g. one tetrahe-
dron of the 4-simplex) and that C(3) are satisfied, then
C(2) is also true on the final hypersurface (e.g. all four
remaining tetrahedra). This is easily proved using the
closure condition to relate C(2) and C(3). For instance,
ǫBABBBC+ǫBACBBC = −ǫBADBBC−ǫBAEBBC , (3)
where the subscripts I, J,K, L are implicit. The left hand
side corresponds to C(2) on the tetrahedra B and C while
the right hand side relates to C(3). We then repeat this
procedure on all tetrahedra. This answers the question
raised above: C(3) are the secondary constraints searched
for: they involve the whole 4-simplex structure and en-
sure that the spatial constraints C(2) are satisfied under
time evolution.
Furthermore, using the same relations, we show that
assuming C(2) holds for all tetrahedra of the 4-simplex
implies that C(3) is true. This means that we only need
to solve the constraints C(2) as suggested in [13]. This is
also the reason why the case C(3) is not discussed in the
geometric characterization of 4-simplices in the original
Barrett-Crane papers [1, 2].
At the quantum level, we replace all the variables BIJ∆
by the so(4) generators JIJ∆ . This does not change any-
3thing to the previous statements. The issue is that, al-
though the constraints C(1) commute with each other,
the constraints C(2) (and C(3)) do not. Therefore look-
ing for states that solve exactly all the constraints C(2)
might lead to a very small Hilbert space. Indeed it gives
the unique Barrett-Crane intertwiner. However this sit-
uation comes from the fact that these constraints are
second class already at the classical level. This suggests
a different approach: to weaken the constraints and look
for coherent states that would only solve them in average
with a minimal uncertainty [7]. This should likely lead
to states with a more straightforward geometrical inter-
pretation and provide us with a larger Hilbert space.
ENLARGING THE HILBERT SPACE
In this section we construct a larger Hilbert space,
where the simplicity constraints hold in the expectation
values. Consider C(1) first. In terms of generators, the
constraint on a single triangle ǫJ∆J∆ = 0 is a condi-
tion on the so(4) representation associated to ∆. To
understand this condition, notice that ǫJJ is the sec-
ond Casimir operator of the so(4) Lie algebra; using the
decomposition of so(4) in self-dual and anti-self-dual sec-
tors, so(4) = su+(2) ⊕ su−(2), it is the difference of the
Casimirs of the two su(2) sub-algebras:
ǫIJKLJ
IJ
∆ J
KL
∆ = (
~J+∆)
2 − ( ~J−∆)
2 = 0. (4)
This means that the so(4) representation (j+, j−) asso-
ciated to the triangle ∆ must carry the same spin on
its self-dual and anti-self-dual part, j+ = j−. Such a
representation is called simple [1, 18].
Next, consider C(2), and notice that it involves two tri-
angles on the same tetrahedron. We have four simple rep-
resentations (ja, ja) for the four triangles ∆a=1..4 on the
tetrahedron boundary. The closure condition
∑
a Ja = 0
means that we are restricted to so(4)-invariant states in
the tensor product H ≡ ⊗aH(ja,ja), i.e. intertwiner
states between these four representations. We use the
standard recoupling basis of intertwiners,
=
j
+
1
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and we label |ja, (j
+
12, j
−
12)〉 the states in H, where ja
denotes the simple representation (ja, ja), and (j
+
12, j
−
12)
is the label for the representation (J1 + J2). In H
we have three new independent simplicity conditions,
Ca,b ≡ ǫJaJb = 0 for all couples of triangles (∆a,∆b).
These constraints mean that the sum (Ja + Jb) is re-
quired to remain simple. Strongly imposing the simplic-
ity conditions C1,2 forces the recoupled representation to
be simple, j+12 = j
−
12. Further imposing C1,3 and C1,4
then leads to a single intertwiner [19]. The key point is
that these constraints do not commute with each other.
For instance [C1,2, C1,3] is still cubic in the J ’s [19, 20].
Thus, imposing these constraints strongly at the quan-
tum level amounts to imposing a whole tower of con-
straints of higher and higher order in the J ’s. It looks as
if we are actually enforcing too many conditions, and we
are indeed left with a one-dimensional intertwiner space
(once the ji’s are given).
We propose to weaken the constraints and look for in-
tertwiner states ψ that satisfy the simplicity conditions
only in the expectation values, 〈ψ|Ca,b|ψ〉 = 0 for all
couples (a, b). For this purpose, we introduce the Hilbert
space of symmetric intertwiners,Hsym0 . These are defined
as invariant under the exchange of j+12 and j
−
12:
|ψ〉 =
∑
(j+
12
,j
−
12
)
ψj+
12
,j−
12
|ja, (j
+
12, j
−
12)〉, (5)
with ψj+,j− = ψj−,j+ . It is straightforward to check that
this defines a Hilbert space and that it is invariant under
the choice of recoupling basis – in (5) we could have cho-
sen the pairing 1-3 or 1-4 instead of 1-2. It is also obvious
that any state ψ ∈ Hsym0 satisfies all the constraints Ca,b
in expectation value. We even have the stronger state-
ment that Hsym0 is the largest Hilbert space such that all
the matrix elements of the constraints vanish:
∀φ, ψ ∈ Hsym0 , 〈φ|Ca,b|ψ〉 = 0. (6)
From this perspective, the operators Ca,b can take us
out of the Hilbert space Hsym0 , but they actually van-
ish weakly if we restrict ourself to work only with states
within Hsym0 . Although j
+
12 and j
−
12 are not necessarily
equal, the simplicity condition is guaranteed by the sym-
metry of the coefficients.
At the end of the day, we have shown that it is possible
to consistently impose the intertwiner simplicity condi-
tion in a weaker sense. This leads a larger intertwiner
space, thus a larger space of (boundary) spin networks
for the spinfoam model. On this larger space the sim-
plicity condition holds in average. In the next section,
we show how to impose the constraints with (almost)
minimal uncertainty using the coherent intertwiners in-
troduced in [13]. This allows to recover the geometrical
interpretation of intertwiners as quantum tetrahedra.
COHERENT SIMPLE INTERTWINERS
Let us start by considering a bivector B∆ associated to
a single triangle. It is simple if and only if its self-dual and
anti-self-dual parts have equal norms, |~b+| = |~b−|, with
b±i ≡ (Bi ± B
0i)/2 and Bi ≡
1
2ǫijkB
jk is the spatial
part of the bivector.
The simpler case when ~b+ = ~b− means that the “time-
like” part of B vanishes, B0i = 0, i.e the “time-like” vec-
4tor N (0) = (1, 0, 0, 0) is orthogonal to B.1 Then the spa-
tial part ~B can always be expressed as the vector product
of two 3-vectors ~e and ~f , Bi = ǫijkejfk. Defining the 4-
vectors e = (0, ~e ) and f = (0, ~f ), it is straightforward
to check that BIJ = e[IfJ], that is the bivector can be
expressed as the wedge product of two vectors which are
interpreted as a discretized tetrad field.
In the generic case, if ~b+ and ~b− have the same norm,
there exists a SO(3) rotation g which maps one on the
other, ~b− = g~b+. Introducing the SO(4) rotation G =
(g, Id) (where the left side acts as SU(2)+ and the right
on SU(2)−), we define the rotated bivector B˜ ≡ G
−1BG.
Then B˜ has equal self-dual and anti-self-dual components
and we can repeat the same analysis as above. In par-
ticular, we obtain that the 4-vector N ≡ GN (0) is the
“time-like” vector orthogonal to B.
We now discuss the implementation of this idea at
the quantum level. Following [13], we introduce a co-
herent state which is peaked on the classical value BIJ .
Such state is the tensor product of two SU(2) coherent
states for the self-dual and anti-self-dual components,
|j+, nˆ+, j−, nˆ−〉, where ~b± = j±nˆ± and the nˆ± ∈ ß2
are unit 3-vector. Satisfying the simplicity condition C(1)
means choosing the same representation for both compo-
nents, j+ = j−, which we denote simply as j. The SO(3)
rotation g between nˆ+ and nˆ− defines the time-like nor-
mal to B as discussed above.
A tetrahedron is characterized by four bivectors Ba,
a = 1 . . . 4, each of which has associated a coherent state
|ja, nˆ
+
a , nˆ
−
a 〉, satisfying the closure condition
∑
aBa = 0.
A quantum state for the tetrahedron is then constructed
by averaging over Spin(4) the tensor product of the four
coherent states for each bivector:∫
Spin(4)
dG ⊗4a=1 G |ja, nˆ
+
a , nˆ
−
a 〉.
The Spin(4)-averaging ensures the state is an intertwiner,
so as to satisfy the closure constraint at the quantum
level. We still have to solve the simplicity constraint.
Following an idea of [8, 9], we implement them by re-
quiring that all four bivectors B lay in the same hyper-
surface: they must be normal to the same “time-like”
vector. This means that all four self-dual components
nˆ−a must come from the same rotation of the four anti-
self-dual components nˆ+a . Thus, there must exist a single
rotation g ∈ SO(3) independent from a such that:
∀a, nˆ−a = g nˆ
+
a . (7)
1 The notion of “time-like” is not properly defined in the Euclidean
space, and furthermore there are actually two 4-vectors orthogo-
nal to any given simple bivector. The vector N(0) can neverthe-
less naturally be seen as the “time-like” normal vector. This issue
would be clearer in a Lorentzian framework which we postponed
for future investigation.
Implementing this condition on the intertwiner state, we
are left with the quantum tetrahedron state:
ψ =
∫
dG ⊗a G |ja, nˆ
+
a , gnˆ
+
a 〉. (8)
Since the Haar measure on Spin(4) is the product of the
independent integrations over SU(2)+ and SU(2)−, the
rotation g is irrelevant and ψ is simply a tensor product
state:
ψ = I+ ⊗ I+, I+ ≡
∫
SU(2)
dg+ ⊗a g+|ja, nˆ
+
a 〉, (9)
where I+ is an SU(2)-intertwiner state. Expressed as
such, it is manifest that the state ψ belongs to the Hilbert
space Hsym0 constructed above, and therefore solves the
simplicity constraints weakly.
Using the tensoring properties of the SU(2) coherent
states, we have |j, nˆ〉⊗2 = |2j, nˆ〉, and thus we can sim-
plify the formula above by doubling the spins ja:
ψ =
∫
dG ⊗a G |2ja, nˆ
+
a 〉. (10)
This shows that our states are the same ones as defined by
Engle, Pereira and Rovelli for their new spinfoam model
[8, 11]. The states (10) span a Hilbert space of intertwin-
ers which (i) is a subspace of Hsym0 and therefore weakly
solves the simplicity constraints, and (ii) matches the
Engle-Pereira-Rovelli proposal. We have only expressed
their intertwiner space in a different (overcomplete) basis
using coherent states.
Since we use the same simple representations and same
intertwiner spaces, we end up with the same spinfoam
model as in [8, 11], which has the same boundary Hilbert
space as Loop Quantum Gravity. Our 4-simplex am-
plitude is obtained by gluing five tetrahedron states to-
gether along ten triangles:
Aσ ≡
[∫
SU(2)
[dg]⊗5
10∏
∆=1
〈j∆nˆs(∆)|g
−1
s(∆)gt(∆)|j∆nˆt(∆)〉
]2
where s(∆) and t(∆) label the two tetrahedra to which
the triangle ∆ belongs. Notice that, since we use a dif-
ferent intertwiner basis, our 4-simplex amplitude is not
expressed in term of {15j}’s as in [8, 11], although the
whole spinfoam amplitude should ultimately be the same.
The difference lays in the boundary data: our coherent
spin network states carry more information and have a
simpler semiclassical behavior for large spins. This is to
be compared to coherent states for the harmonic oscil-
lator which are labeled by two real numbers instead of
a single integer but that admit a straightforward semi-
classical interpretation. We expect this choice of basis to
improve the geometrical interpretation of the model and
the study of its semiclassical limit.
5A SIGN AMBIGUITY
In this final section, we comment on an alternative
model that can be constructed, using a sign ambiguity
present in our procedure. This is related to the existence
of two sectors of the constrained BF theory, e.g. [15,
20, 21]. Indeed, BIJ = ǫIJKL(eK ∧ eL) is not the only
classical solution of the simplicity constraints (2), but
also BIJ = e[I∧eJ] solves them. The first solution gives a
sector that reproduces general relativity, while the second
solution leads to a non-geometrical theory (the tetrad e
is still required to be compatible with the connection,
dωe = 0, but does not necessarily satisfy the Einstein
equations). Of course, the goal is to build a spinfoam
model representing the gravitational sector and not the
non-physical one.
This ambiguity is present in our framework, where it
translates into a sign ambiguity. Considering a single
bivector B satisfying the simplicity condition |~b+|2 =
|~b−|2, there exists a rotation g ∈ SO(3) such that ~b− =
g~b+ as we considered, but we can also flip the sign and
consider the other branch defined by ~b− = −g~b+. The
first branch corresponds to bivectors which read BIJ =
e[IfJ] while the second branch gives BIJ = ǫIJKLe
KfL,
where e and f are two 4-vectors. This flipping possibility
clearly corresponds to the previous ambiguity.
The point is that this sign ambiguity is due to the
invariance of the quadratic simplicity constraints under
the change BIJ → ǫIJKLBKL. However, our way to
implement the simplicity constraints on intertwiners is
not invariant under the Hodge operator ǫIJKL and should
in principle distinguish the two sectors. This should be
a great improvement on previous spinfoam models.
At the quantum level, this means considering coherent
states |j, nˆ+〉⊗ |j,−gnˆ+〉 instead of |j, nˆ+〉⊗ |j, gnˆ+〉. At
the level of a single triangle, this does not make a dif-
ference since −gnˆ+ is as good a unit vector as gnˆ+ in
our Riemannian setting (in the Lorentzian setting, the
two branches can be distinguished, one vector belonging
to the upper time-like unit hyperboloid and the other to
the lower hyperboloid). Nevertheless, using this choice
to form tetrahedron states, we end up with a different
class of intertwiners:
ψ =
∫
dG ⊗a G |ja, nˆ
+
a ,−nˆ
+
a 〉 (11)
=
∫
dg+ ⊗a g+|ja, nˆ
+
a 〉 ⊗
∫
dg− ⊗a g−|ja,−nˆ
+
a 〉.
Instead of tensoring the SU(2) intertwiner with itself, we
tensor it with its complex conjugate. It then leads to a
slightly different 4-simplex amplitude where the coherent
intertwiners labeling the anti-self-dual part are the dual
of the self-dual part instead of being identical.
The first proposal with matching self-dual and anti-
self-dual intertwiners reproduces the model proposed by
Engle-Pereira-Rovelli [8, 11] while this second flipped
model looks more like a coherent state version of the
Barrett-Crane model (which uses vanishing spin states
of the |j,m〉 ⊗ |j,−m〉 type with conjugate self-dual
and anti-self-dual components). The natural question is
which of the two models correspond to the proper spin-
foam quantization of general relativity, if any.
Now that all the foundations have been set and the
simplicity constraints consistently implemented, the next
step is to study the asymptotics of the new proposed
spinfoam vertex and check that the graviton propagator
(e.g. [6]) is better behaved than for the Barrett-Crane
model. Notice that a calculation of the graviton tensorial
structure will allow to discriminate between the two pro-
posed models, with identical or conjugate intertwiners,
and check which one has the right degrees of freedom.
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